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ME-07 UNIT COPY | 35 pages | Full-workbook pages 205-239; printed numbering retained

ME-07 Inverse Matrix & Economic
Applications

Source PDF pages 28 (inverse overview), 36-42

Construct and verify an inverse, solve Ax=d in the correct order, and explain the
two-country multiplier without confusing structural slopes with exogenous shocks.

Foundations | Derivations | Source examples | Worked example | Independent practice | TUrk¢e support |
Hint levels 1 and 2 | Solutions and English interpretations | Reflection and retry

Before you start

What do | already understand, and which step do | need to explain?

Do not mark a skill “alone” just because a solution looks familiar. A useful attempt includes the model, the
operations, the check and the interpretation.

Foundations
What does an inverse undo?

A matrix transforms a column vector. An inverse reverses that transformation. It is not
the matrix of element-by-element reciprocals.

AA-1=A-1A=|
Symbol English meaning Turkge karsihigi
A Square coefficient matrix Kare katsayi matrisi
At Inverse of A A matrisinin tersi
I Identity matrix Birim matris
X Column vector of unknowns Bilinmeyenler sutun vektoru
d Column vector of constants Sabitler sGtun vektoru

Tlrkce explanation
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Square is necessary, not sufficient

For an ordinary two-sided inverse, A must be square and det(A) must be nonzero. Such a

matrix is nonsingular. A square matrix with zero determinant is singular.
Ais nxn and det(A)=0 & A-! exists

Turkce explanation

A unique inverse, with the same dimensions

If A'is nxn, its inverse is nxn, is unique, and has A as its own inverse. The inverse of a
product reverses the order.

(A-1)-1=A; (AB)"1=B-tA-!

Tarkce explanation

From a minor to an adjugate

Delete row i and column j to obtain the minor determinant M. Apply the checkerboard
sign to form the cofactor Ci. Transpose the complete cofactor matrix to obtain adj(A).

Ci=(—1)"+Mjy; adj(A)=CT; A-1=adj(A)/det(A)
Tlrkce explanation

The two-country economy

Two nations trade only with each other. Each nation’s imports are the other nation’s

exports. Income determines consumption and imports; autonomous expenditure is taken

as given. The source lists autonomous consumption Co, investment lo and government

expenditure Go as components/examples of Ai; their exact country-specific decomposition

is not separately specified.

Yi=Ci+Ai+ Xi—Mi; Ci=ciYi; Mi=miYi

Symbol English meaning Tlrkce karsiligi

Yi National income of country i i Ulkesinin milli geliri
Ci Consumption expenditure Tudketim harcamasi
Ai Autonomous expenditure Otonom harcama

Xi Exports ihracat

Mi Imports ithalat
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Symbol English meaning Turkge karsiligi
Ci Marginal propensity to consume Marjinal tiketim egilimi
mi Marginal propensity to import Marjinal ithalat egilimi

Tlrkce explanation

Assumptions, units, and what is endogenous

Assume 0<c1,c2<1 and 0<mi,mz2<1, as in the notes. Income, expenditure, exports and
imports must use a common currency/value unit and time period. Y1 and Yz are jointly
determined.

0<ci,c2<1; O0<mi,mz<l

Turkce explanation

Why multiply on the left?

In Ax=d, premultiplication gives A-*Ax=A-d. Associativity makes A-'A adjacent.
Postmultiplication is not a substitute.

A-1(AXx)=(A"1A)x=Ix=Xx

Turkce explanation

Trade is leakage locally and demand abroad

An extra unit of country 1 income raises its imports by mi. Those imports are country 2
exports. Country 2 income and imports may then feed demand back to country 1.

AL T->Y1T->Mi=X2T->Y2T > M=X1 T
Tlrkce explanation

A positive determinant is economically useful

The determinant expands into three positive terms. This proves a unique algebraic
equilibrium under the stated propensity restrictions, rather than merely assuming one.

D=(1-ci1)(1—c2)+(1—ci)mz2+ma(l—c2)>0

Tlrkce explanation
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Structural slope versus a policy effect

The slope of a structural relation is not automatically the total response to an unspecified
change in an endogenous variable. Name the exogenous shock and hold the remaining
primitives fixed.

Structural slope: mz2/(1—ci+ma); equilibrium response to Az: m2/D

TUurkce explanation

Pause and test your understanding

ME-07-C1

A square matrix has determinant zero. What follows?

A. Every system Ax=d has no solution.

B. The ordinary inverse does not exist; Ax=d may have no solution or infinitely many.

C. Take the reciprocal of every nonzero entry.

My choice and the reason, before checking

Turkcge question support | Check later
ME-07-C2

For Ax=d with A 3x3 and d 3x1, which expression solves the system when A is
invertible?

A. x=dA-!

B. x=A"1d

C. x=Ad

My choice and the reason, before checking

Turkge question support | Check later
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ME-07-C3

Why does an increase in country 2 autonomous expenditure raise country 1 income?
A. Country 2 imports become country 1 exports.

B. The two countries necessarily have equal incomes.

C. All imports disappear from national-income accounting.

My choice and the reason, before checking

Turkge question support | Check later

Derivations with reasons
Inverse properties and the solution formula - source p28

Prove the rules rather than treating them as a list.

Source PDF pages 28
Ax=d - A"'Ax=A"1d - Ix=A"1d -» x=A"1d

Premultiply both sides, reassociate, then use the identity matrix.
If AB=BA=I and AC=CA=l, then B=BI=B(AC)=(BA)C=IC=C.
Any two proposed inverses B and C must be equal.

A IA=AA"1=] - (A71)"1=A

The original matrix reverses its inverse.
(AB)(B-*A-1)=A(BB-1)A-1=AA-1=|; (B-*A"1)(AB)=I

Check both multiplication orders to justify reversing factor order.
Detailed Turkish reasoning
The complete 3x3 cofactor procedure - pp36-38

Construct all nine cofactors, then transpose once.

Source PDF pages 36-38
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Start with a general square matrix and first check det(A)=0.
Ci1=az22a33—az3a32; Ci2=—(a21a33—a23a31); Ciz=az1a32—azz2as:
Compute the first cofactor row with signs +, —, +.
C2i=—(a12a33—a13a32); Cz2=a11aszz—aizasi, Cz=—(a11a32—a12as1)
Compute the second cofactor row with signs —, +, —.
Csi=a12a23—a13a22; C32=—(a11a23—a13a21); C3z=aii1az2—aiza2:

Compute the last cofactor row with signs +, —, +.

Cin Ci2 Cis Cii Cax Ca
C= Cai Caz Cas ; adj(A)=CT= Ciz Caz (a2
Ca1 C32 GCss Ciz Ca3 GCss

Turn rows of C into columns of adj(A).

A-1=CT/det(A); verify AA-1=|

Divide every adjugate entry by the same nonzero scalar determinant.

Detailed Turkish reasoning

Build and invert the two-country model - pp41-42

Convert the economic structure into a simultaneous linear system.

Source PDF pages 41-42

Yi=ciYi+Ai+mz2Y2a—miY:; Y2=cC2Y2+Az+miYi—mzY2

Substitute consumption and bilateral trade into each income identity.

Yi—cCiYi+miYi—m2Y2=A1; Y2—cC2Y24+m2Yz—miYi=A:2

Move every endogenous-income term to the left.
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(1—ci+mi)Yi—m2Y2=A1, —miYi+(1—Ccz2+m2)Y2=Az

Collect the coefficients of each income.

1-ci+ma —mz Y1 A1

—Mmz 1-c2+m: Y2 Az
Call the coefficient matrix K to distinguish it from autonomous expenditures Ai,Aa.
D=det(K)=(1—ci+m1)(1—c2+mz2)—(—m2)(—ma)
Use ad—bc and keep both off-diagonal negatives.
D=(1-ci)(1—-cz2)+(1—=c1)mz+mi(l—Cz)+mimz—mim:

Expand the product before cancelling.

1-c2+m2 mg2
D=(1-ci1)(1—c2)+(1—ci)mz2+mi(l—c2)>0; K-1=(1/D)
mi 1-ci+ma

Invert K by exchanging diagonal entries and negating the off-diagonal entries.
Yi*=[(1—cz2+mz2)A1+m2A2]/D; Y2*=[mi1A1+(1—c1+m1)A2]/D

Multiply the inverse by the autonomous-expenditure vector to obtain reduced form.

Detailed Turkish reasoning
Comparative effects and the structural-slope question - p42

Differentiate the reduced form with respect to a named exogenous variable.

Source PDF pages 42
dY1*/dA1=(1—cC2+m2)/D>0; 3Y2*/dA1=m1/D>0

A1 is absent from D, so differentiate only the numerators.
0Y1*/0A2=m2/D>0; 3Y2*/0A2=(1—C1+m1)/D>0

A: raises both incomes through domestic demand and trade.
(1—ci+mi)Yi=A1+mz2Y2 = Yi=(A1+mz2Y2)/(1—Ci+ma1)

Rearrange the first structural relation without solving the second one.
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Holding A1 fixed: slope dYi1/dY2=mz2/(1—ci+ma1). Under an Az shock:
(dY1*/dA2)/(dY2*/dAz2)=m2/(1—C1+m1).

A specified experiment explains when the structural slope equals a ratio of equilibrium

movements.

Detailed Turkish reasoning

Source examples and checked readings

These examples retain the source numbers and mathematical content. The explanations are newly

written. Any checked correction is placed next to the affected calculation.
A singular source matrix - p36

Before constructing cofactors, ask whether inversion is possible.

Source PDF pages 36

0O -1 O
A= 1 3 2
2 1 4

Read the three columns as vi=(0,1,2)T, v2=(-1,3,1)T, v3=(0,2,4)".

vi=2Vvi1i = —2Vi1+0v2+v3=0

The coefficients (—2,0,1) are not all zero, so the columns are linearly dependent.

det(A)=0-(12-2)—(-1)-(4-4)+0-(1-6)=0

A direct first-row expansion confirms singularity.

Source reading note - PDF 36

In the notes: vs=2v1 is followed by inconsistent handwritten sample coefficients.
Checked form: —2v1+0v2+v3=0; scalar multiples are also valid.

The displayed column relation fixes the coefficient order; use (-2,0,1).

TUrkce source-example reasoning
Two source inverses - pp38-39

The familiar 2x2 shortcut is a condensed cofactor calculation.

Source PDF pages 38-39
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4 3
A= ; det(A)=4-5-3-2=20-6=14

The determinant is nonzero, so inversion is allowed.

5 -2 5 -3
C= ;. CT=
-3 4 -2 4

The off-diagonal cofactors exchange positions under transpose.

5 14 0
A-1=(1/14) : AA-1=(1/14) =|
-2 4 0 14

Check all four entries of the product.
3
B= , ; det(B)=(-1)-2—3-2=-8

A negative determinant is not a problem; only zero is forbidden.

. 2 -3 -1/4 3/8
adj(B)= ; Bl=
-2 -1 1/4 1/8

Divide by —8; the source labels the result A-%, but it is the inverse of B.
Source reading note - PDF 39

In the notes: The inverse calculated from B is labelled A-2.

Checked form: It is B-'=[[-1/4,3/8]1,[1/4,1/8]]1.

Only the letter label is corrected; the source calculation is retained.

TUrkce source-example reasoning

Solve the exact source system - pp40-41

Source prompt: “Solve the system Ax=d by matrix inversion.” The system is 4x+3y=28,
2X+5y=42.

Source PDF pages 40-41

4 3
4Ax+3y=28; 2x+5y=42 - , =
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Keep the variable order x,y fixed in every row.

X -3 28
det(A)=14=0; =(1/14)
y -2 4 42

Premultiply the constants vector by the inverse already derived.
x=(5-28—3:42)/14=(140—-126)/14=1; y=(—2-28+4-42)/14=(—56+168)/14=8
Calculate each row-column dot product, then divide by 14.

4-1+3-8=28; 2:1+5-8=42

Both original equations hold.

Source reading note - PDF 41

In the notes: An intermediate matrix line shows +3 instead of —3.

Checked form: The adjugate entry is —3 and the verified result is (x,y)=(1,8).
Retain the negative sign from the inverse; substitution confirms the solution.

Turkce source-example reasoning

Worked example
ME-07-W1 A new two-country economy

Two nations trade only with each other. Let c1=0.6, c2=0.5, m1=0.2, m2=0.1, A1=80 and
A>=40. Find Y1*, Y2*, consumption, imports and exports in each nation. Then find the
exact changes in both incomes when A: rises by 10, holding all other primitives fixed.

Turkce question | Interpretation answer after trying

Before reading the steps: choose a method and say why it applies

0.6Y1—0.1Y2=80; —0.2Y1+0.6Y2=40
Calculate 1—c1+m1=0.6 and 1—c2+m2=0.6.
D=0.6:0.6—(—0.1)(—-0.2)=0.36—0.02=0.34

The positive determinant ensures a unique equilibrium.

Pause. Predict the next operation and justify it before reading on.

Ekonomi Atdlyesi  English first « Tlrkce support 214



MATHEMATICAL ECONOMICS | / COMPLETE STUDY WORKBOOK

Y1*=(0.6-80+0.1-40)/0.34=52/0.34=2600/17;
Y2*=(0.2-80+0.6-40)/0.34=40/0.34=2000/17

Use the reduced-form numerators without rounding.

C1=1560/17; C2=1000/17; M1=X2=520/17; M2=X1=200/17

Multiply each income by its own consumption and import propensities.
Y1=(1560+1360+200-520)/17=2600/17; Y2=(1000+680+520-200)/17=2000/17
Check both original income identities.

AY1=(0.1/0.34)-10=50/17; AY2=(0.6/0.34)-10=300/17

Use the Az column of the inverse for the expenditure shock.

Interpret before reading the model answer

Explain how a rise in country 2 autonomous expenditure affects country 1, and state
what the static result does not tell us.

Say your interpretation aloud; note the main result and one reason
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Independent practice

Attempt each problem before the hints. The next page of each problem is for
interpretation and checking. Do not use the solution as a copying exercise.

ME-07-S1 Rebuild an inverse solution

Solve 3x+y=11 and 2x+4y=14 by matrix inversion. Show the determinant, inverse and a
substitution check.

Tarkce prompt | Hint 1 | Hint 2 | Solution after trying

State the model or matrix dimensions, then show a justified solution

Confidence before checking: 0/ 1/ 2/ 3 Help used: none / Turkish / hint 1 / hint 2
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ME-07-S1 Interpretation and verification

Why does a nonzero determinant make this algebraic solution unique, and what should
be checked before giving it an economic interpretation?

My English interpretation: result, mechanism, conditions and limits

Substitution, dimensions, signs or feasibility check

One step | still need to explain without looking

Compare with the model answer only after writing
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ME-07-S2 Diagnose a false inverse

A student claims that H=[[2,4],[1,2]] has an inverse because it is square. Test the claim.
Compare Hx=[6,3]" with Hx=[6,4]" and describe each solution set.

Tarkce prompt | Hint 1 | Hint 2 | Solution after trying

State the model or matrix dimensions, then show a justified solution

Confidence before checking: 0/ 1/ 2/ 3 Help used: none / Turkish / hint 1 / hint 2
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ME-07-S2 Interpretation and verification

Explain why singularity does not mean that every right-hand side produces no solution.

My English interpretation: result, mechanism, conditions and limits

Substitution, dimensions, signs or feasibility check

One step | still need to explain without looking

Compare with the model answer only after writing
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ME-07-S3 Interpret a cross-country shock

Let ca=c2=0.5, mi=m2=0.25, A1=60 and A2=40. Find both equilibrium incomes. Then
increase Ai by 10. Find AY1 and AY2, and explain why dY2*/0A1 is not the same object as

the conditional slope dY2/dYa.
Turkce prompt | Hint 1 | Hint 2 | Solution after trying

State the model or matrix dimensions, then show a justified solution

Confidence before checking: 0 /1 /2 / 3 Help used: none / Turkish / hint 1 / hint 2
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ME-07-S3 Interpretation and verification

Explain the positive spillover from an A: increase and distinguish aY2*/dA1 from the
structural slope dY2/dY.

My English interpretation: result, mechanism, conditions and limits

Substitution, dimensions, signs or feasibility check

One step | still need to explain without looking

Compare with the model answer only after writing
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Turkce support

Bu bolum dili ve gerekceyi anlamak icindir. Aciklamayi! aynen kopyalama; okuduktan
sonra kendi ¢é6ziimiine don. ingilizce soru sayfalarinda yanitlari gérmeden deneme
yapabilirsin.

What does an inverse undo?

Bir katsay! matrisi, bilinmeyenleri farkli agirliklarla birlestirerek denklemlerin sol tarafini
olusturur. Ters matris bu ortak déniisimu geri alir. Ornegin A-! yazarken her aj elemanini
1/ai yapmayiz; tim satir ve sutun iliskilerini dikkate aliriz. Birim matris |, carptigi vektoru
degistirmez; bu ylzden tersin kontrolG carpimin | olmasidir.

AA-1=A"TA=]
Back to English
Square is necessary, not sufficient

Kare olmak, satir ve sttun sayilarinin ayni olmasidir; tek basina tersin varligini garanti
etmez. Satirlar veya sutunlar arasinda dogrusal bagimlilik varsa bilgi tekrari vardir ve
donusum bazi farkl vektorleri ayirt edemez. det(A)=0 iken A= yontemi kullanilamaz.
Ancak bundan Ax=d icin kesinlikle hic ¢c6zim yok sonucu ¢cikmaz: sag tarafa bagh olarak
hic ¢6zim veya sonsuz ¢6zUm olabilir.

A is nxn and det(A)#0 & A1 exists
Back to English
A unique inverse, with the same dimensions

Bu Ozellikler p28 Uzerindeki ters matris 0zetinin tamamlayici parcalardir. (A=1)~1=A ¢unkU
geri alma islemini geri alirsak ilk donusime doéneriz. (AB)~*=B-*A-! kosulu A ve B ayni
boyutta ve terslenebilirken gecerlidir. Sira rastgele degildir: ABx icinde 6énce B uygulanir,
sonra A; geri donerken once A, sonra B geri alinir.

(A-1)-1=A; (AB)"1=B-A-!
Back to English
From a minor to an adjugate

Minor bir matrisin tamami degil, ilgili satir ve sttun cikarilinca kalan matrisin
determinantidir. Kofaktorde ek isaret (—1)* kullanilir; 3x3 isaret dUzeni +—+ / —+—/
+—+ seklindedir. Kofaktor matrisi C ile adj(A) ayni sey degildir: adj(A)=C". Notlarda
kullanilan “adjoint” s6zcligUu burada klasik adjugate anlamindadir; eslenik transpoz ile
karistirmayin.
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Ci=(—1)"*M;; adj(A)=CT; A-*=adj(A)/det(A)
Back to English
The two-country economy

Yalnizca iki ulke vardir; G¢clincu Ulke yoktur. Bu nedenle Ulke 1'in ithalati, Glke 2'nin
ihracatidir: M1=Xz. Benzer bicimde M2=Xi1. Ci=ciYi tuketim iliskisini, Mi=miYi ithalat
iliskisini verir. Ai, 6rnegin otonom tlketim, yatirnnm ve kamu harcamasi gibi gelire bagl
olmayan harcamalari bir araya getirir. A burada katsay! matrisi icin de kullanilir; alt indisli
A1,Az> harcamalardir ve farkl nesnelerdir. Not p41, Aiicin Co,lo,Go bilesenlerini/orneklerini
listeler; her Ulke icin bunlarin ayri sayisal dagilimi verilmez.

Yi=Ci+Ai+Xi—M;; Ci=ciYi; Mi=miYi
Back to English
Assumptions, units, and what is endogenous

c ve m oranlari boyutsuzdur; gelir bir parasal akim olctustdudr. Harcama buyukluklerini
ortak deger birimi ve ayni donemle yazmadan denklemler ekonomik olarak
karsilastirlamaz. A1,A2 model disindan verilen degiskenler; ci1,c2,m1,mz verilen
parametreler; Y1,Y2 birlikte ¢ézllen i¢sel degiskenlerdir. Pozitif gelir yorumu icin ayrica
otonom harcamalarin uygun, érnegin pozitif, degerlerde olmasi gerekir. Bu statik sistem
tek basina zaman icindeki yakinsamayi ispatlamaz.

0<ci,c2<]; O<mi,ma<l
Back to English
Why multiply on the left?

Once boyutlari gériin: A nxn, x ve d nx1 boyutundadir. A-*d tanimhdir ve nx1 sonug
verir. Buna karsilik dA-%, n>1 iken (nx1)(nxn) oldugundan i¢ boyutlar 1 ve n uyusmaz.
p28’deki sagdan carpma denemesi gecerli bir yontem degil, dlzeltilmesi gereken bir
yanlis baslangictir. Ayrica matris carpimi genel olarak degismeli olmadigindan ters matrisi
gelisiglzel tasiyamayiz.

A-1(Ax)=(A"tA)x=Ix=Xx

Back to English
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Trade is leakage locally and demand abroad

Bir Glkenin ithalati kendi ic talebi acisindan sizintidir; fakat ticaret ortagi acisindan ihracat
talebidir. A1 artarsa Y1 yukselir; Mi=maY1 artisi X2'yi artirir; boylece Y2 yukselir. Y2 artinca
M2=X1 de artar ve ulke 1’e geri donUs olur. Cozdugimuz denge formull bu karsilikli
etkileri birlikte icerir. Bu anlatim, bagimsiz bir zaman uyarlama kural verilmedigi icin
dinamik istikrar kaniti degildir.

AL T->Y1T->Mi=X2T->Y2T > M=X1 T
Back to English
A positive determinant is economically useful

D=(1—c1)(1—c2)+(1—ci)mz2+ma(1l—cz) ifadesindeki her carpan pozitiftir. Boylece D>0
oldugunu goérdigumuz icin hem ters matris vardir hem de sok carpanlarinin isaretini
guvenle okuyabiliriz. Pozitif katsayilarla pozitif A1,A2 verilirse gelirlerin paylari da pozitiftir.
Fakat “tek denge var” ile “ekonomi zamanla mutlaka o dengeye gider” farkli iddialardir.

D=(1-ci1)(1—c2)+(1—ci)mz2+ma(l—c2)>0
Back to English
Structural slope versus a policy effect

p42'de “aY1/dY2 teknik olarak dogru mu, icsellik sorunu var mi?” sorusu acik birakilmistir.
ilk yapisal denklemi A: sabitken ¢ozersek Yi=(A1+mzY2)/(1—ci+ma); bu iliskinin egimi
m2/(1—ci+m1) olur. Ancak Y2 modelin disindan serbestce secilen bir digme degildir.
Ornegin Az sokunun Y1 Uzerindeki toplam denge etkisi mz/D’dir. Belirli bir A2 sokunda
dY1/dYz orani yapisal egime esit olabilir; bu, aY1/0Az ile ayni tirev oldugu anlamina
gelmez. Notlarda hata terimi veya tahmin yontemi verilmediginden buradan tek basina
istatistiksel i¢csellik yanhhgi sonucu da ¢ikaramayiz.

Structural slope: mz2/(1—ci+ma); equilibrium response to Az: m2/D
Back to English
ME-07-C1 Question support

Kare bir matrisin determinanti sifirsa hangi sonucg kesindir?

Return to foundations
ME-07-C2 Question support

Carpimin tanimli olmasi ve ¢arpan sirasi birlikte dnemlidir.

Return to foundations
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ME-07-C3 Question support

Az artisinin Y1 Uzerindeki etkisinin ekonomik zincirini secin.

Return to foundations

Inverse properties and the solution formula - source p28

p28’deki butln ters matris 6zelliklerini carpimin tanimindan kontrol ediyoruz.

Source PDF pages 28
Ax=d -» A-'Ax=A"1d - Ix=A"1d -» x=A"d

Her iki tarafa ayni soldan carpma uygulanir. Birlesme 6zelligi (A-*A)x yazmaya izin verir;
A-A=]| ve Ix=x oldugundan bilinmeyen vektér yalniz kalir.

If AB=BA=I and AC=CA=l, then B=BI=B(AC)=(BA)C=IC=C.

ik esitlikte | etkisizdir; | yerine AC koyariz. Birlesmeyle BA yan yana gelir ve | olur. Sonuc
B=C oldugundan ters matris tektir.

A A=AA"1=] - (A71)"1=A

A, A-lile her iki sirada carpilinca | verdiginden A-*'in tersinin tanimini saglar. Bu karsilikh
ters olma o6zelligidir.

(AB)(B-*A-1)=A(BB1)A-1=AA-1=l; (B-*A-1)(AB)=lI

A ve B ayni nxn boyutta ve terslenebilir olmahdir. Sirayi tersine cevirmezsek BB~ ve
AA- ciftlerini yan yana getiremeyiz; genel olarak AB=BA oldugu icin keyfi yer
degistiremeyiz.

Back to English
The complete 3x3 cofactor procedure - pp36-38

isaret dUzeni, silinen satir-situn ve son transpoz birlikte uygulanir; yalnizca birkac
kofaktor hesaplamak yeterli degildir.

Source PDF pages 36-38

indislerde ilk sayi satir, ikinci sayi situndur. Kofaktér Cij hesaplanirken ai’nin bulundugu
satir ve sutun silinir.
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Ci1=a22a33—a23asz; C12=—(a21a33—a23a31); Ciz=az1a32—az2a31

Ornegin Ciz icin 1. satir ve 2. stitunu silince kalan 2x2 determinant az1ass—azzas1 olur.
Konum isareti negatif oldugu icin parantezin tamamini eksiyle carpariz.

C2i=—(a12a33—a13a32); Cz2=a11assz—aizasi, Cz=—(a11a32—a12as1)

Mindrin kendi determinant isaretiyle kofaktérin ek isareti farkli islemlerdir. ikisini birden
dogru uygulamak gerekir; negatif bir min6r negatif kofaktér konumunda pozitif sonucg
verebilir.

Csi1=a12a23—a1zazz; C32=—(a11a23—a13a21); Csz=a11a22—a1z2a=1

Uclincl satir silindiginde sadece ilk iki satirin elemanlari kalir. Tim dokuz kofaktérii kendi
i,j konumuna yerlestiririz.

Cin Ci2 Cis Cii Cax Ca
C= Cai Caz Cas3 ; adj(A)=CT= Ciz Caz (a2
Ca1 C32 GCss Ciz Caz3 GCss

Transpozda satir ve sutun indisleri yer degistirir. Bu adimi atlamak genellikle yanhs ters
matris Uretir; C simetrik degilse C ile CT farklidir.

A-1=CT/det(A); verify AA-1=|

Determinant bir sayi, adj(A) ise matristir. Bolme her elemana uygulanir. En son ¢carpimi
hesaplayarak | elde edildigini gérmek isaret ve transpoz hatalarini yakalar.

Back to English
Build and invert the two-country model - pp41-42

Gelirlerin her iki denklemde bulunmasi nedeniyle tek tek bagimsiz ¢c6zim yapamayiz;
ortak katsay! matrisini kurariz.

Source PDF pages 41-42

Yi=ciYi+Ar+mz2Y2a—miY:; Y2=cC2Y2+Az+miYi—mzY2

Y1 denkleminde ihracat Xi=Mz2=mzY2, ithalat Mi=maY1'dir. Y2 denkleminde yonler tersine
doner. ithalat eksi, ihracat arti isaretlidir.

Yi—ciYi+miYi—mz2Y2=A1; Y2—C2Y2+m2Y2a—miYi1i=Az

Sagdaki c1Y1 sola eksi, —ma1Y1 sola arti gecer. Her denklemde Ai tek basina sagda kalir;
boylece i¢csel ve dissal taraf ayrilir.
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(1—ci+mi)Yi—m2Y2=A1, —miYi+(1—Ccz2+m2)Y2=Az

Y1'in birinci denklemdeki katsayisi 1—ci+ma, ikinci denklemdeki katsayisi —ma1’dir. Satun
sirasini her iki satirda Y1,Y2 olarak koruruz.

1-ci+ma —Mmz2 Y1 A1

—ma 1-c2+m:2 Y2 Az

Kaynak katsayi matrisini A diye adlandirir. Burada yalnizca karismayi azaltmak icin K
diyoruz; matematik degismez. Kdésegen disi eksi isaretler ulkeler arasi olumlu talep bagini
denklemin soluna tasidigimiz icin olusur.

D=det(K)=(1—ci+m1)(1—Cc2+mz2)—(—m2)(—ma)

(—mz2)(—m1)=mim: oldudu icin determinantta bu carpim cikarilir. isaretlerin unutulmasi
tim carpanlarn degistirir.

D=(1-ci1)(1—c2)+(1—-ci)m2+mi(l—C2)+mimz2—mim:

iki parantezin dort carpimini yazdik. Son iki terim birbirini gotirir; kalan ¢ terim egilim
varsayimlari altinda pozitiftir.

1—c2+m: m2
D=(1-ci1)(1—c2)+(1—ci)mz2+mi(l—c2)>0; K-1=(1/D)
ma 1—-ci+m:

Pozitif determinant, tek ¢c6zUmuU garanti eder. Baslangictaki —m2 ve —ma ters alma
sirasinda +mz ve +ma olur.

Yi*=[(1—cz2+mz2)A1+m2A2]/D; Y2*=[mi1A1+(1—c1+m1)A2]/D

indirgenmis bicimde her icsel degisken yalnizca model disindan verilen blyuklikler ve
parametrelerle ifade edilir. A1,Az2 pozitifken hem pay hem payda pozitif oldugundan
gelirler de pozitiftir.

Back to English
Comparative effects and the structural-slope question - p42

Diger butln dissal buyuklukleri ve parametreleri sabit tutarak toplam denge etkisini
buluyoruz.

Source PDF pages 42
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dY1*/0A1=(1—c2+mz2)/D>0; aY2*/dA1=m1/D>0

Y1'in payinda A1'in katsayisi 1—c2+mz; Y2'nin payinda mi'dir. Payda Ai’e bagli olmadigi
icin bolum kurah burada sabit paydaya bdlmeye indirgenir.

dY1*/0A2=m2/D>0; aY2*/0A>=(1—ci1+m1)/D>0

A: kendi Ulkesinde dogrudan talep, Ulke 1'de ihracat kanaliyla talep yaratir. D>0 ve m2>0
isaret yorumunu destekler.

(1—ci+mi)Yi=A1+mz2Y2 » Yi=(Ai1+mz2Y2)/(1—Cci+maz)

mz2Y2 sol taraftan saga alinir; sonra pozitif 1—ci+ma katsayisina boltnur. Bu yalnizca tek
denklemin egri bicimidir, butlin modelin indirgenmis bicimi degildir.

Holding A: fixed: slope dYi1/dYz2=m2/(1—ci1+ma1). Under an Az shock:
(dY1*/dAz2)/(dY2*/dAz2)=mz2/(1—C1+mz).

Bu esitlik A1 ve parametreler sabitken Az degistirilen deney icin gecerlidir. Farkli bir dissal
degisiklik ayni gelir-gelir oranini vermek zorunda degildir; érnegin A1 degisimi ilk yapisal
egriyi kaydirir. icsel degiskeni bagimsiz bir politika araciymis gibi yorumlamayin.

Back to English
A singular source matrix - p36

Determinant kontroll bosuna islem yapmayi 6nler; kaynak sayfadaki bagimlilik érnegini
dogru katsayilarla yaziyoruz.

Source PDF pages 36

0O -1 O
A= 1 3 2
2 1 4

v3'Un her elemani vi'in iki katidir. Dolayisiyla G¢lncl sutun bagimsiz bilgi getirmez.
v3=2Vv1 = —2Vi1+0v2+v3=0

Dogrusal bagimlilik icin sifir vektériini veren en az bir sifir olmayan katsay! gerekir.
Kaynaktaki bazi k katsayisi karalamalari situn sirasiyla tutarh degildir; 6rnegin (-2,0,1)
ve bunun 4 kati (—8,0,4) dogru 6rneklerdir.
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det(A)=0-(12-2)—(-1)(4—4)+0-(1-6)=0

Orta terimin min6ri 1-4—2-2=0'dir. Diger iki terim ilk satirdaki sifirlar nedeniyle sifir olur.
det(A)=0 oldugundan bu A’'nin tersi yoktur; sifira bélme yapilamaz.

Kaynak okuma notu - PDF 36

Kaynak sGtunlari icin dogru sifir olmayan katsayilar (—2,0,1) ve bunun sifir olmayan katlaridir. El
yazisindaki tutarsiz 6rnek katsayilari dogru sonuc olarak kopyalamiyoruz.

Back to English
Two source inverses - pp38-39

Ana kosegendeki iki elemani degistir, diger iki elemanin isaretini degistir ve
determinantin tamamina bdl; nedenini asagidaki kofaktorler gosteriyor.

Source PDF pages 38-39
4 3
A= ; det(A)=4-5-3-2=20-6=14

Capraz carpimlari sirayla cikaririz. 14, butun ters matris elemanlarinin ortak paydasidir.

Ci12=-2 ve Ca1=-3"tur. Transpozda bunlar yer degistirir; dogrudan C/14 yazmak yanlis
olur.

5 14 0
A-1=(1/14) : AA-1=(1/14) =|
-2 4 0 14

Sol Ust 4-5+3:(—2)=14; sag Ust 4:(—3)+3:4=0; sol alt 2:5+5:(—2)=0; sag alt
2:(—3)+5-4=14. Sonra 14’e bolunce | olur.

3
B= ; det(B)=(-1)-2—-3-2=-8
2 2

Negatif determinant tersin olmadigi anlamina gelmez. Her elemana negatif paydanin
isareti de uygulanir.

. 2 -3 -1/4 3/8
adj(B)= . B-l=
-2 -1 1/4 1/8
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2/(—8)=-1/4; (-3)/(—8)=3/8; (—2)/(—8)=1/4; (—1)/(—8)=1/8. Kaynaktaki A-! etiketi harf
surcmesidir; hesaplanan matris B-*'dir.

Kaynak okuma notu - PDF 39
Hesaplanan ters B’ye aittir. Matris elemanlari dogrudur; A-* harfi B-* olarak dizeltilmistir.
Back to English

Solve the exact source system - pp40-41

Bir dnceki ters matrisi gercek bir denklem sisteminde kullaniyoruz; bu kaynak érnegi,
asagidaki yeni sayili alistirmadan ayridir.

Source PDF pages 40-41

4 3 X 28
4x+3y=28; 2x+5y=42 - =
2 5 y 42

Birinci situn x katsayilari 4 ve 2; ikinci situn y katsayilari 3 ve 5; sag taraf 28 ve 42 olur.

X -3 28
det(A)=14=0; =(1/14)
y -2 4 42

Ters matris sag taraftaki vektorin solundadir. p41l’deki bir ara satirda —3 yerine +3
gorinir; dogru kofaktér ve dogru sonuc icin isaret —3 olmalidir.

x=(5-28—-3:42)/14=(140-126)/14=1; y=(—2-28+4:42)/14=(—-56+168)/14=8

iki bilesen ayni anda ayni paydaya bélinir. Alternatif olarak [28,42]7/14=[2,3]" yapip
adj(A) ile carpabiliriz; sonuc yine [1,8]" olur.

4-1+3-8=28; 2:1+5:8=42

Yalnizca donusturdlmus sistem degil, baslangictaki iki denklem de saglandigi icin ¢c6zimuU
dogruladik. det(A)=0 oldugundan baska ¢6zim yoktur.

Kaynak okuma notu - PDF 41

Kofaktérden gelen —3 isareti korunur. iki baslangic denklemiyle kontrol edildiginde x=1,y=8 dogrudur.
Back to English

ME-07-W1 Worked example support

Kaynakta kurulan modeli yeni sayilarla uygula. Once gelirleri birlikte cdz; sonra Ci ve M;
iliskilerine geri dén. ihracati ayr bir bagimsiz sayi gibi secme: X1=M: ve X2=Mx.
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0.6Y1—0.1Y2=80; —0.2Y1+0.6Y2=40

Birinci katsayl 1-0.6+0.2=0.6; ikinci katsay1 1—0.5+0.1=0.6. Capraz katsayilar
—m2=-0.1 ve —m1=-0.2 olur.

D=0.6-0.6—(—0.1)(—0.2)=0.36—-0.02=0.34
0.34 sifir olmadigi icin hem ters yontemi hem Cramer yéntemi kullanilabilir.

Y1*=(0.6-80+0.1-40)/0.34=52/0.34=2600/17;
Y2*=(0.2-80+0.6-40)/0.34=40/0.34=2000/17

Gelirler yaklasik 152.9412 ve 117.6471'dir. Kesirleri korumak daha sonraki harcama ve
ticaret kontrollerinde yuvarlama hatasini onler.

C1=1560/17; C2=1000/17; M1=X2=520/17; M2=X1=200/17

C1=0.6-2600/17; C2=0.5-2000/17. ithalatlarda llkenin kendi geliri kullanilir; ihracat karsi
ulkenin ithalatidir.

Y1=(1560+1360+200-520)/17=2600/17; Y>=(1000+680+520—-200)/17=2000/17

80=1360/17 ve 40=680/17 yazdik. Boylece C+A+X—M toplamlarinin tam olarak
hesaplanan gelirleri verdigini goértyoruz.

AY1=(0.1/0.34)-10=50/17; AY>=(0.6/0.34)-10=300/17

Model A1,Az acisindan dogrusal oldugu icin bu sonlu 10 birimlik degisim yaklasik degil
tamdir. Yeni gelirler Y1=2650/17 ve Y2=2300/17 olur; parametreler degismedigi icin D
sabit kalir.

Ulke 2 harcama artisinin llke 1’e nasil tasindigini ve statik modelin neyi séylemedigini
acikla.

Return to the worked example

ME-07-S1 Question support

Once katsayi matrisini x,y sirasiyla kur. Sonuclari iki baslangic denkleminde de
sinamadan bitirme.

Sifir olmayan determinant neden tek ¢c6zim saglar? Ekonomik yorum icin ayrica neleri
kontrol etmeliyiz?

Return to the problem
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ME-07-S2 Question support

Tekil matris ile ¢ozimsiiz sistem ayni kavram degildir. iki farkli sag tarafi ayri ayri incele.

Tekillik neden her sag taraf icin ¢cozimsuzlik demek degildir?

Return to the problem
ME-07-S3 Question support
Ayni hesapta bir digsal sok carpani ile tek denklemin gelir-gelir egimini ayir.

A1 artisinin Ulke 2'ye olumlu etkisini ve dissal sok carpaniyla yapisal egim farkini acikla.

Return to the problem
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Hints Level 1 Choose the strategy

Use one hint, then go back and try. The second level gives a more specific intermediate move.
ME-07-S1

List what is given and what must be found. Identify the governing equality or matrix
operation. Check the dimensions and any nonzero-divisor condition before calculating.
Then plan how you will verify the result.

Verilenleri ve bilinmeyenleri ayir. Hangi esitligin veya matris isleminin gerektigini sdyle. Once boyutlar ve
sifir olmayan payda kosulunu kontrol et; sonucu nasil denetleyecegini planla.

Return and try | If still stuck, hint 2

ME-07-S2

List what is given and what must be found. Identify the governing equality or matrix
operation. Check the dimensions and any nonzero-divisor condition before calculating.
Then plan how you will verify the result.

Verilenleri ve bilinmeyenleri ayir. Hangi esitligin veya matris isleminin gerektigini sdyle. Once boyutlari ve
sifir olmayan payda kosulunu kontrol et; sonucu nasil denetleyecegini planla.

Return and try | If still stuck, hint 2

ME-07-S3

List what is given and what must be found. Identify the governing equality or matrix
operation. Check the dimensions and any nonzero-divisor condition before calculating.
Then plan how you will verify the result.

Verilenleri ve bilinmeyenleri ayir. Hangi esitligin veya matris isleminin gerektigini sdyle. Once boyutlari ve
sifir olmayan payda kosulunu kontrol et; sonucu nasil denetleyecegini planla.

Return and try | If still stuck, hint 2
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Hints Level 2 One useful next move

ME-07-S1

The determinant is 3:4—1-2.

2x2 ters icin késegen elemanlari degistir; digerlerinin isaretini degistir; hepsini determinanta bél.

Return and complete your attempt

ME-07-S2
The first row is twice the second row. The constants must obey the same relation.
ilk sistemde 6=2-3 dogru; ikinci sistemde 6=2-4 yanlis.

Return and complete your attempt

ME-07-S3
Both diagonal coefficients are 0.75, and D=0.5.

ilk sok A1 oldugundan ters matrisin birinci sitununu kullan. Kosullu egim icin ikinci yapisal denklemi Y2
acisindan duzenle.

Return and complete your attempt
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Solutions and model interpretations
ME-07-W1 Model interpretation

The foreign-spending shock raises both incomes. Bilateral exports and imports match
exactly. The calculation compares two equilibria; it does not establish a time path.

Ulke 2’'nin ek harcamasi Ulke 1’e de talep tasir. Her ihracatin karsi tlkede esit ithalat
bulundugu icin dis ticaret muhasebesi tutarlidir. Carpanlar iki dengeyi karsilastirir;
dengenin kac donemde veya hangi yoldan olusacagini séylemez.

Check the explanation
1 Names the bilateral identity M2=Xa.
[ Links the foreign spending shock to foreign income, imports and domestic exports.

[ States that the result compares equilibria rather than adjustment times.

ME-07-S1 Solution

det(A)=12-2=10; A~'=(1/10)

The matrix is nonsingular.

10 sifir degildir. Ters matrisin satirlarini sag tarafla carpacadiz.
x=(4-11-14)/10=30/10=3; y=(—2-11+3-14)/10=20/10=2
Take the two dot products.

ikinci pay —22+42=20"dir; ilk pay 44—14=30"dur.

3-:3+2=11; 2:3+4-2=14

Verify both equations.

Her iki esitlik de saglanir; determinant sifir olmadigi icin ¢c6zim tektir.
Model English interpretation

Since det(A)=10=0, the coefficient matrix is invertible, so the system has the unique
solution x=3,y=2. Both original equations are satisfied. The question supplies no

economic labels or units for x and y, so no economic quantity or policy meaning should

be invented.
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Turkce reasoning

Terslenebilirlik her sabit vektoru icin tek bir cozum verir. Ancak x ve y'ye fiyat, miktar
veya gelir adi verilmedigi icin bu 6rnekten kendiliginden ekonomik yorum cikarilamaz.
Ekonomik modelde ayrica degisken tanimlari, birimler ve kabul edilebilirlik kosullari
gerekir.

Check your explanation

[ States that A is invertible and hence maps each d to one x.

0 Checks the original equations.

[0 Does not invent an economic meaning or unit not supplied by the problem.

Identify the first wrong or unexplained step. Repair that step on your attempt page; do not copy the whole
solution.

Retry from the blank problem

ME-07-S2 Solution

det(H)=2-2—-4-1=0

Being square is not sufficient for invertibility.

Satirlar bagimlidir; ters matrisi tanimlayan tekil olmayan kosulu saglanmaz.

Hx=[6,3]" = x1+2x2=3 - (X1,X2)=(3-2t,t), tER

The equations coincide and leave one free variable.

ilk denklem ikinci denklemin iki katidir. x2=t secilince x1=3-2t olur; sonsuz ¢6ziim vardir.

Hx=[6,4]" would require x1+2x2=3 and xi1+2x2=4

The second system is inconsistent.

Ayni ifade ayni anda 3 ve 4 olamaz; bu kez hi¢c ¢c6zum yoktur. Katsayl matrisi iki sistemde ayni kalmistir.
Model English interpretation

Singularity rules out a unique inverse solution; the right-hand side decides consistency.
Turkce reasoning

“det=0 ise ¢6zUm yok” ezberi yerine sag tarafin bagimhlk iliskisine uyup uymadigini
kontrol et.

Check your explanation

O Links row dependence to the required relation among constants.
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1 Distinguishes infinite solutions from inconsistency.

Identify the first wrong or unexplained step. Repair that step on your attempt page; do not copy the whole
solution.

Retry from the blank problem

ME-07-S3 Solution

D=0.75%2-0.25%2=0.5; Y1=(0.75-60+0.25-40)/0.5=110;
Y2=(0.25-60+0.75-40)/0.5=90
Use the reduced forms.

Paylar 55 ve 45'tir; 0.5’e bdlince 110 ve 90 olur. 0.75-110—-0.25-90=60 ve —0.25-110+0.75-90=40
kontroll yapilabilir.

AY1=(0.75/0.5)-10=15; AY2=(0.25/0.5)-10=5

The response to A1 is given by the first inverse column.

A1 10 artinca yeni gelirler 125 ve 95 olur. Ulke 2 Gzerindeki sok carpani 0.5'tir.
Y2=(A24+0.25Y1)/0.75 - conditional slope=1/3; aY2*/0A1=1/2

Different denominators answer different questions.

1/3, A2 sabitken Yi'e gore yapisal egimdir. 1/2 ise A:i’deki bir birimlik dissal degisimin Y2'deki toplam denge
etkisidir. Bu sokta AY2/AY1=5/15=1/3 olmasi iki farkl tirevin ayni oldugu anlamina gelmez.

Model English interpretation

The structural slope links the two endogenous movements; the multiplier links an
exogenous cause to an equilibrium response.

Turkce reasoning

Paydadaki degiskeni okuyarak soruyu tani: Y1 degisimi mi, A1 soku mu? Bu ayrim
ekonomik yorumun temelidir.

Check your explanation

[0 Traces Ai1=»Yi—imports of country 1/exports of country 2-Ya.

[ States that the multiplier is per unit of A1, the structural slope per unit of Ya.

] Does not claim a dynamic adjustment speed.

Identify the first wrong or unexplained step. Repair that step on your attempt page; do not copy the whole
solution.

Retry from the blank problem
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Concept check answers

ME-07-C1 Answer B

Zero determinant prevents inversion, not necessarily consistency.

Tekillik, katsayilarin bir kisminin bagimsiz bilgi tasimadigini sdyler. Sag taraf bu iliskiye uygunsa cok
¢6zUm, aykirlysa ¢c6zimsuzlUk ortaya cikar.

If you chose differently: Separate invertibility from whether a particular right-hand side is consistent.
Ornegin x+y=1 ve 2x+2y=2 ile ikinci sag tarafi 3 olan sistemi karsilastirin.

ME-07-C2 Answer B

A-*A=l, and (3x3)(3x1) produces a 3x1 vector.

Soldan carpinca A-* ile A yan yana gelir. Sagdan dA~* carpimi (3x1)(3x3) oldugu icin i¢c boyut uyusmaz.
If you chose differently: Write dimensions before multiplying.

Matris carpiminda soldaki sutun sayisi sagdaki satir sayisina esit olmalidir.

ME-07-C3 Answer A

A: raises Yz and imports M2=m2Y2=Xi, so aY1*/0A2=m2/D>0.

ithalat Glke 2’'nin satin almasidir; iki tilke varsayimi nedeniyle ayni islem Ulke 1'in ihracat geliridir. Pozitif
m2 ve D bu etkiyi pozitif yapar.

If you chose differently: Use the identity M2=Xa.

Hangi Ulkenin ithalatinin digerinin ihracati oldugunu tek tek yazin.
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Reflection and a second attempt

For each skill, mark: not yet / with help / alone. “Alone” means you can demonstrate it with the
explanation closed.

1 Not yet [0 With help [J Alone
| can explain why a square matrix may be singular.

1 Not yet [0 With help [J Alone
| can build all cofactors, transpose and verify an inverse.

1 Not yet [0 With help [J Alone
| can solve Ax=d by premultiplication.

1 Not yet [0 With help [J Alone
| can derive the two-country reduced form and prove D>0.

1 Not yet [0 With help [J Alone
| can distinguish an exogenous-shock multiplier from a structural slope.

Her formiilden dnce boyutu ve determinant kosulunu kontrol edebiliyorum. iki Glke modelinde
ihracat-ithalat eslesmesini, yapisal ve indirgenmis bicimi ve hangi degiskenin dissal sok oldugunu
aciklayabiliyorum.

The first step | could not explain, and the check | will use next time

Next attempt: problem ID and date

Progress is manual. Keep the first attempt visible; use a new page or a different pen colour for the retry.

Source scope

Visually verified p28 inverse collage and pp36-42 at high resolution. All displayed source matrices,
numeric inverse examples, 4x+3y=28 / 2x+5y=42 system, two-country assumptions, structural/reduced
forms, positivity expansion, spillovers and the endogenous-slope question are covered. Explicit
corrections: p36 dependence coefficients, p39 B~ label, p41 dropped minus sign. Original W1/S1-S3
numbers are not attributed to the source. No dynamic stability or econometric bias is inferred from the
static deterministic equations.
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